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ON THE PROBABILITY OF PENET~~TION OF ~S~IED 

By authority Secretary of 
Abstrr~ct 

The probability of penetration for proj ecfl~~s2v~t~60 
measured velocities near the ballistic l~eflH€nP~~? A 
experiBen~ally determined for caliber . 30 A.P . ~ar~~r~tJ960 
fired a.gains·;; a particulur plate of l/2-inlJl3Brldg¥n~EC6NGKESS 
of Brinell hardness 415 manufact ured by Disston. Various 
ways of treating the data have little effect on either the 
ballistic l imit or the standard deviati on, w!:ich have va lues 
in t he range 2315- :3322 ft/sec and 23- 27 ft/sec , respectively. 
In particul ar , con·ectim~s for variat ions in bullet wei~ht 
ar e found u~important . 

It i s s hv\\n t hat if the standard deviation for firings 
of thi s par~icular caliber, bullet type, method of measuring 
ve l ocity, type of plate ,und so forth, is known, the ballistic 
limit of o. similar plate for si milar conditions can be deter
mined with good accu:::-acy by two bracketing shots . Speci fically , 
if the standard deviation is 25 ft/sec and two shots are fired 
that diffe r in velocity by 25 ft/ sec, the higher velocity shot 
penetrating and the lower velocity shot failing to penetrate, 
the b~llistic limi t mny be t~~en as ha l f way between the two 
vel ociti es with a probable error of 17 ft/ sec . If the bracket-
i ns ve l ocities differ b~· 50 ft/ seo , the probable error is 19 . 5 vrcrNGl 
ft/sec . B£FORE sEltOF 'I6lfl: 

tJLA1'10~.~ _.t-1'i pART · 1lf 

1. Object of the experiment 
~ontci~Gc~ r ; 
~cuM.£l"lT, ~BE CANCt! . 

n~GS b'l.U~ 
It is knmvn that , if a number of r e fired with 

velociti~s in the neighborhood of the ballistic limit of a plate 

ot armor , some of those having measured velocitie s below the 

ballistic limi t w'-ll penet::--ate the plate while some of those 

having ve l oci t ies above the lir.tit will fail to penetrate . The 

probl em is to determine t he probabili ty of such events from 

a le.r t;e number of firings o.nd to deduce from these results 

how many shot s are !'"equired to measure with a prescribed 

accuracy the ballistic limit of a given armor f or a given type 

of bullet ; or, conversely, with what accuracy the ballistic 
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l imit is dete1~ined by a certain number of shots. 

2. Appar atus and procedure 

The exper unent was car ried out in the NDRC Experimental 

Firing Range at Princeton Universit# The gun used was a . 30 

caliber hlann type barr el on a mount similar to those in use 

at the Aberdeen Proving Ground and at the Frankford Arsenal. 

The bullets were s";andard A. P. Mark II, classified in groups 

according to weight {Table IV) . To get the aesired spread 

of velocities, the pov1C.e::- was loaded at the range with loads 

varyi ng f rom 3.140 to 3. 180 gm. 

The plate was homo geneous armor, l / 2 Y. 30 X 30 in ~, 

of Brinell hardness 415, manufactured by Disston and supplied 

by Captain M. B. Chatfield, of Frankford Ar senal. The velocity 

of each shot was measured by means of an Aberdeen chronograph 

wi th two sets of sparks . Two scr eens were u sed, 50 ft apart , 

the second scr een being 2 ft from the armor plate . Each 

screen was connected to tv10 circuits in the chronograph! 

Because of the spatter of the j ackets and frequent 

backward bounce of the A. P. cores, no attempt was made t o 

use yaw cards in front of the plate! 

However , after a group of shot s had been fired, the yaw 

of the hol es was measured wherever possible by inserting a 

dummy core attached to a prot ract or. After each shot the pl ate 

was inspected wi tl-1 a flashli ght to see ,·;hether the bullet had 

1/ H. D. Smyth, Const r uction of the NDRC experimental firing 
- r ange at Princeton UniversTty:-NDRC Report No . A- 6 (June 

ll , l 94I). 
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y 
penetrated; theshot was then numbered \rlth white paint. 

3. The 4ata 

A total of 240 shots .~ fired at the plate. Of these, 

84 were rejected for one or more of the following reasons: 

(1) a satisfactory velocity measurement was not obtained; 

(2) the core or a part or the core remained in the plate; 

(3) the shot came closer than two calibers to a previous 

shot; (4) the shot struck the ~r~e of a screen or some 

other object. Figure 1 is a p~netrat:.on-velocity chart 

in vrhioh the results obtained with most of the remaining 156 

shots have been plotted in ~ro \yays: (1) grouped as to angle 

of yaw, wei6ht of bullet and velocity; (2) with respect to 

velocity alone. A reduction of these data follows. 

4. Theoretical analysis 

If the values of any quantity~ scatter about a ~ean 

value i acoording to a "normal" probability law, then the 

probability that ~ has a value between~ and~ + dx is 

Pi(x)dx = (1/ ,l2ff~)e-(x-i)
2/2l1'2dx 

I 

where cr-... is a constant, known e.s the standard deviation, the 

value of which chare.cterizes the dispersion of values of x. In 

e.pplying this equation to the problem of plate penetration 

as a function of velocity, we proceed as follows. 

y Throughout tr..is report e. b~let is said to have npenetrated" 

a plate if it hr..s broken th~·back side of the plate 

sufficiently for light to be seen through the hole. 
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Let it be assumed that the plate has a certain ~ 

ballistic limit velocity of ~ rt/sec and that the variation 

in the apparent 'ballistic lil!li t for different shots can be 

attributed to same intrinsic variability -- inhomogeneity of 

the plate, inaccuracy of the velocity measurement, variation 

in bullets, and so forth -- of the individual shots which is 

described by the normal probability law. Then the probability 

that the apparent ballistic ltmit velocity for a given sample 

shot lies between v and v + dv is 
- - - 2 2 

p(v)dv ::(l/21T o-)e-(v-u) /Zr dv, (1) 

vthere Q"- is the standard deviation. Essentially,our problem 

is to determine the value ot _y-fram experiMental firings and 

then to make deduoti ons from this value. 

However, Eq. (1) cannot be used directly. For a given 

shot v;e observe its velocity and whether it did or did not 

penetrate; that is, whetr~r the apparent ballistic limit for 

that particular shot was above or below the measured velocity. 

The probability that a shot of velocity.! will in faot penetrate 

the plate is the probablity that the apparent ballistic l~it 

will lie below .!•. This probability is given by 

... q 

P( ) - ( ' )d 1 ; l + I u-v V 0 

- I '0\ V V • •2 l --.r.:=o 
i • I ~v-· 

0 ,i i_ 

I 

·-! 
I 

(2) 

-oo 
) . 

where, it (v-u}f./~ : z, then 

roz -z2 • 
I ( z) • ( 2/ Gf- ) j e dz 

'-6 
is the incomplete probability integral~ 

(3) 

~or a table of values of I(z) see, for example, Peirce, 
~~table of integrals T3rd rev. ed., 1929), pp. 116-120. 

- .;:_ -=.::.- .-- .~-
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Curves of fttnctions of this for.m are sho\v.n in Figs. 3, 

4 and 5. 

In o~der to determine u and the standard deviationo-

(or the probab:e error, 0.6745Ct"" .. ) from the data,use will be 

made of the probability of the unexpected -- that is, the 

probability that a shot foT which!~~ will penetrate or that 

a shot for which .! 7 ~will not penetrate. These proba.l»ilities 

are given respectively by P(~)oi' Eq. (2) for ! below ~,and by 

1-P(_!) for .! above ~! or, over the lvhole range of v from -oo 

to .S.oo, by 

Fig. 2. Schematic graph of 
j'f1v) as a function of v. 

(4) 

The graph of t:his function, which is represented schematically 

in Fig. 2, is s~~etric about the line v=u. The macent~ 

.P' .;:-y' 2 
M = i. { v-u) }/ ( v) d v : i a- , ( 5) 

.j 
3u 

of the area under the curve on either side of the limit about 

the line v=u is a measure of the dispersion of the distribution. 

The method adopted in the following analysis is based 

/ 
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upon those considerations. From the .f'iring da~a the probability 

! of penetration within each velocity interval of 5 (or 10) 

ft/sec is computed as the ratio of the ntunber of penetrations 

in that interval to the total number of shots in the interval. 

The mean ballistic limit ~ for the plate is then obtained by 

the requirement that the moment of ! to the left of v=u shall 

equal the moment or 1-P to the right of v=u; the common value 
.!. 

of the moment ! then yields the standard deviation 0"· • 2lC 

of the individual shots. 

5. Analysis of the data 

The data on the plate in question, which are plotted in 

Fig. 1, are represented in Table I in a for.m suitable for re-

production in accordance with the scheme presented at the 

end of Sec. 4. The 12 shots vnth velocities less than 2283 

ft/sec, none of which penetrated the plate, and the 18 above 

2362 rt/sec, all of which did, are not included in the tabulation. 

Also rejected are the 9 shots of measured yaw~ 10°, none of 

which penetrated the plate. 

The 117 tabulated shots have been lumped in 5-ft/sec 

intervals, as shown i~ the first column of Table I. The next 

group of four columns gives the number and percentage of shots 

in each velocity interval that did ar.d that did not penetrate 

the plate; in the second group of four columns these shots have 

been further consolidated into 10-ft/seo intervals. Finally, 

in the last group of four columns i~ listed the corresponding 

fL.'"lalysis for those shots, 64 in number, with a known yaw L. 5°. 
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Table I. Data in for.m for reduction. 

.. ----------------·----;r----
Yaw ::=.:::.... 10° or unknown Yaw :-:-<. 5~ 

Velocity(! 
Interval 
(ft/sec) 

Penetrated I 
No. % 

Not Penetrated j Pen:trlltod I Not _::::trated 1 
__ ~e:etra_t-~d-1 No--t.--~-e-n_e_t._ra_t_e_d_ 

No. ~''t · No. ~~ 1lro. % No. % 

1

. No. % 

.... '2283:..S 7 

88-92 
1 20 
0 0 

4 80) ·--;·----~~-~ 9 90 --~--~·- 6 86 

5 100) 1 

93-97 
98-02 

I 
2303-071 

08-12 
I 

13-17 'I 
18-22 1

1 
2S-27 .. 
28-t2 

1 20 
3 37 

1 
1 

5 
7 

7 
4 

17 
25 

42 
70 

87 
57 

4 
5 

5 
3 

7 
3 

1 
3 

80) 
63} 

83) 
75) 

I 

4 

2 

5a) II 12 
:so) 'j 
13) 
43) 

11 

I 
31 I 9 

20 8 

56 10 

73 4 

33-37 1~ s s1 i 3 33) ,.,. 

:58-42 'I 8 7:5 I :5 27) 114 70 I 6 

4:5-47 11 1 1oo I o o> 11 

48-52 ~ 9 90 I 1 10) ~ 16 94 I 1 

69 2 40 3 60 

80 1 20 4 80 

44 II 5 50 5 50 

27 I 5 56 4 44 

I 
30 8 eo 2 20 

6 11 92 l 8 

5:5-5 7 il 5 100 I 0 0) ~ ! I I 
58-62!! s 60 , 2 40) 

8 
80 I 2 20 6 100 +-o 0 

Total jl 68 I 49 ~ 68 I 49 39 · 25 

(X) 



- ,(": . 



~-------·-

prt"'F 
L 

-10-

The data g~ven in this table are used to plot the 

"observed" rrobabi li ty P(:~) that a shot of measured velocity 

.!. will penetra!;e the plate, as shoY~n by ·the three series ~£ 

points in Fig. 3. In consonance \nth the lumping rrocedure 

proposed in Sec. 4~ the ~ representing the observed 

accumulated pro babili·t~." P( v) would be ob·!;ained by drawing 
" -

horizontal se~ents 5 ft/,sec {10 ft/sec) in length, centered 

on the observed points; in order not to confuse the presenta-

tion~ this broken line curve has not been drawn in. 

The inferred accumulated probability curves shovln in 

full line in Fig. S have been found by -the method outlined 

above: the nean ~ has been deter.mined by the requirement that 

the moment of the area under that part of the curve of the 

observed P(~) to the left of u shall equal the moment of the 

area under the graph of the obse~ved 1-P(!) to the right of 

E_; the common value of this moment is then set equal to i '""'-2 , 

where :!:::' is the stanC.ard deviation of the basic probability 

function P(;!). 'L'he :;:·es'-~1 ting values or u and c:- for the. 

three curves listed in Table II. The decrease in u in the 

Table· I:. 1!s.luos of u and 0' for the 
three.curv:es of-Fig. s. -- --

----. Velocity 
j Interval 

Yaw 1 (ft/sec) 
u 

(rt7seo) 
o:-

(rt/sec) 

<:..10° or 
"Unknown 

., 5 2322 25 

I 10 2321 25 

I 
I ~50 2316 27 10 

:i 

'':;~ ... ··. ~ .. ~_-~tt"r.~-- .f;;!:.::-~..-. -:..: .r ~·; r ;·"t·. -""~. -·'"!";· _-!_.~~.)! -~ .. """"':'~ -·-~"':'cJ:.::--.~.,..·--~.:n···.-~-~ .... :' ... ,-~-r---~- ..... -~ "':- . .,._ -··: _ ... -·- ·- ·- . -- '....._.....- -~ - ---·~-· -·-----.. ·-- -· ... ----
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cu.se of' shots of' small yan is to be expected, but it ~s sur-

prisir.G t!~t tr.e dispersion has in this case se~ed actually 

to i1ave in'"reased; true,the dii"!'erancc is q~it9 negligible, 

but one should expect a signif'ic~~t decreRse in dispersion 

:nsteaJ of an insi~i~icant increase! 

The three curves in Fig. 3, inferred .:'rom the observed 

points, have been :?lotted 1r:i tho- : 25 f't;'sec, centered on 

the proper v;;!.lue of u. The fut1ction 

.-
" \ ! 

P( v) : _.2:.._ : 1 + I ( ~ j ! 
2:.... \. 2 /-J ::I 

is readil~/ compt~te~ with the aid of the tabulated v-alues of 

the incompl,~te probability integral I(~); the results are given 

in Table III. 

Table III. The ae~~ulated probabili~r 
:t\u"'l.ction F"[v),- for.;;----= ~sec. 

v-U P(v-) v-u F(v) 

-50 0.0~3 0 0.500 
-45 .oss 5 .579 
-40 .055 10 .655 
-35 .J81 15 • 726 
-30 .115 20 • 788 
-25 .159 25 .841 
-20 .212 30 .885 
-15 .274 S5 .919 
-10 .345 40 .945 
-5 .421 45 .964 

0 .500 50 .977 

The procedure adopted above is subject, in principle, 

to the criticism th"J.·c it does not take into account the fact 

~/ See footnote 3, Sec. {. 
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that the lumped poin-ts are of different weight; for example~ 

in the three curves the number oi"' shots per interval varies 

in the ran6es 4-11, 10-22 and 5-12, respectiYely. This factor 

could be taken into account if it seems desirable; !'rom a super-

ficial examination of the plot it would seem doubtful whether 

this refinement would have any significant e~fect on the results. 

The number n_ of tabulated shots of velocity less than 

u which penetrated, ~~d the number n~ of velocity greater than 

u which did not penetrate, are, for the t\~ groups: 

.c: 0 Yaw .-10 or unk:n.O\'m n : 17, nf = 14 

Yaw ::_50 n = 5, n"' = a. 
' 

6. Reduction to conunon projectile weight 

An attempt was made to allow for the scattering in weight 

of the bul1ets'used. or the tabulated shots. 112 had the weight 

distribution, in 0.03-gm intervals, given in Table IV. 

Table IV. Weight distribution of the bullets. 

D . t• i es1.gna 1.onl· 
'14'. 1 on .. 1.g. 

1 

~· 

+ 
X 

0 

0 

Total 

I 

Weight I 
(gm) I 

I 
! 

10.65 ~ 

I 

I 
i 

.sa 

• 71 
! 
I 

I 
• 74 

I I 

Penetrated I,. Not Penetrated! 
no. % l~o. 7; ! 

o o 1 1 100 1 

I I 
40 ! 3 60 l 

45 l 6 55 1 

451u 55 1 

2 

5 

9 

66 i 13 34 I 
! 

. :n I 
I 25 .77 

.so I 
I 11 69 5 

I 

v 
{ft/sec) 

-13 

-10 

- 6 

- 3 

0 

+ 3 

33 1 ~ 6 ! 14 67! 
I 

.83 7 

66 46 
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It Ymuld appear from Table IV that the expect a-

tion of penetratior. increases Yrith t:he weit;ht of the bullet. 

It is therefore desirable to :-ed~..tce the data to a common weight 

say 10.77 gm, ...-;hich is the weight of the bullets designated 

(0) and is a!so tha mean of the distribution gi~en in Table 

IV. At first sigr.t it ~.ight be expected that the ~ weight 

would be of more significance for this purpose than the bullet 

weight, and only the latter is available for the shots in 

question. An attempt vras therefore made -t;o f'ind a correlation 

bet-;.·1een core and bullet weights in the case of 12 caliber .30 

Mark II bullets; but, con~rary to expectation, ~ correlation 

~ found. The attempt ~as therefore made to reduce the data 

on the ~asis of the known bullet weights; the most promising 

hypothesis considered was to assume t:1at the total energy of 

the bullet i a the pri:lcipal factor vrhich determines the 

inrlueuce of' \'leight on penetration -- a hypothesis that has 

been fo~nd valid in reducing slight weight va~iations in data 

on solid projectiles. If, then, a projectile of '.·Feight w = w
0 

t Jw produces a certain effect when ziven a velocity !• the 

velocity v ~ tiv to be assigned to it in the reduction is 

determined by the equation 

( l/2g) (w
0 

+6-w) v
2 

: (liq/~1:.1 (v .f.fv f , 
or cfv = v(d-w./ 2w

0
) • 108 c/w, 

where~~ is measured in grams. The resulting corrections 

for the bullets used are listed in the last ccrlumn of Table IV. 

The standnrd deviation of these bullet weights is found to be 

0.042 gm and~ in accordance with the aforementioned hypothesis. 
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the dispersion in velocity due to scattering in bullet weight 

should -:he:-efore be given by the standard deviation 

6-'\v. 0.042v/2\70 = 4.5 rt/sec. 

This should have but little effect on the distribution, for 

the deviation C'-'' in velocity due to all other causes should, 

theoretically, be g!. ven by 
2 2 

2 , 2 

,_'2 : cr-2 _ ~ w2 : (25) - (4.5) = 605 ft jsec , 

whence the decrease in(}'·- is only of the order of 0.5 rt/sec. 

If the entire scattering in wei~ht were due to the cores alone, 

then C-' w would be increased in the ratio bullet weight/core 

weight : 2; that is, 
2 2 2 2 2 

ar-' = (25) - (9) = 544 f't /sec , 

or,_., is decreased b;; a2proxillately 1. 5 ft/ sec. 

On reducin6 the data Given in Fig. 1 for rns.ss variation 

in accordance vdth ~he foregoing considerations, a nmv distribution 

is obtained; the resulting data are summarized in Table V and 

plotte1 in Fig. 4. The treatment of' these data by the method 

used in Sec. 5 on the raw data yields the results listed in 

Table VI. 

It is difficult to see how to account for the apparent 

decrease in limit velocity under this reduction -- it is true 

that then+ nonpenetrating shots for which v~ u lose an 

average of 3 ft/sec on reduction, but the n_ penetrating shots 

f'or which .! < ~ maintain their average. There does seem to 

be some decrease in dispersion, of' the order contemplated in 

the foregoing theoretical ciscussion, but one-should hesitate 

to draw any conclusions concerning the mechanism of' penetration 

from such slender statistical data. The theoretical curves in 
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Table V. Penetration data corrected for weight. 

--···--------·----···- ------·---I' 
Yaw . .{. 10° Unknown 
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Table VI. 

I 

i Velocity I Yaw I In"';erval u 
n_, n+ I (rt/sec) (ft/sec) 

24 
+ I ::.=.10° or i 5 2319 

unk..'lown I i 
n_= 15, nt 10 I 2318 
= 16 I 

23 

I 
t:::.: ~0 

I 
--v 

n = nt = 7 10 2315 
I 

23 
L. ___ 

Fig. 4 are taken v.Ji th .J·- ' :. 25 ft/sec, as it was felt that 

the small difference did not warrant the extra computation. 

7. reductions from data 

In practice a piece of armor plate is never tested 

by firing 200 shots at it. Hence,our problei!l is to deduce from 

the results v:e have obtained some conclusion as to the reliability 

of tes~s nade with a very few shots. S?ec~fically, suppose a 

pla.te is tes-ted with t1:Yo shots, of different ve1oci ties, such 

that the shot of ~~aller velocity does not penetrate but the 

shot of larger vel:>ci·~y does pane·".;rate. The usual conclusion 

is that the ballistic linit is half' ·:re .. y '.JErti·:een the velocity 

of the two shots. E~t the results a.lread":,r civen shovr that 

it is possible for the ballistic l~it of the plate to be 

less than the velocity oi' the low-velocity shot or more than 

the velocity of tbe high-velocity shot. The question is, how 

probable is tlrl.s, or, in a.Tl.other :.'or:'l, how accurutely is the 

ballistic limit determined by two braclcetin:; shots. 

r 
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Let t1·!o shots be fi:i.·ed with velocities ;: ~t/sec 
apart, say with veloci t!.es u ~~ and u + ~·a; let it be supposed that 
!,the first shot, does not penetrate the plate and that !• 
the second shot, does penetrate. The bal!istic limit 

inferred fron these data alone is u. Our problam is to 

determine the probable error of this inference on the assump-

tion that, if many shots were fired at the plate, the:t would 

sca·:ter with a standard deviation 0'-./ as in the experi..Llents 

we ha.ve described in Sec. 5; or, to state the problem more 

c;enerally, .r~om the occu:""rence of the events_! and I_ and the 
general knowledge of penetration pro~ability· from the experi-

ments here reported, we w~~t ~ dete~ine the probability 

q(v)dv that the ballisti~ limit of tha plate lies between v -- -- ------- ---- -- ----- ----
and v.f.dv. 

The theory of' probability gives an answer to this 

question by a direct application of Bayes' theoram. According 
to "this tl:e.Jren, if it be assumed that all Ya.lues of the ballistic 

limit v are ~ priori equally probable but that we do know that 

events! andl occur, then q(~)at every value of v will be 

proportional to the pro~ability Q(~) that the events N and Y 

would both occur in testin6 a plate whose ballistic limit was 

in fact that particular value !• This probability Q(v) can 

easily be expressed in general terms. It is the product of 

the probability.!: that a shot or velocity u .J. ia, ldll penetr9.te 

a plate of ballistic limit~ and the probabiiity (1 - P) that 

a shot of velocity u - -~-a ·\fill not penetrate such a plate. Thus , 

using Eqs. (2)J 

...... .,..c;, .. ,,.., 7.'":'· ,-~-·,":_.;~-;;;.,::::>,.,~"l:·~!""0_"'!·-·~~~,'"'~-~--''"'!2:"'·~=--."";-•.;;-._ ~-f~~,"<:':,:"'"·.-•_."'>:-,r:O'!'>~/.""': ....--."'"","~.-~~-, .... " -""."-";$!"'"_ -.-:""·:.-.:.-.,.-.,-•· ~"!'."':7"-_.._,._,."""•~,-•-•7"~-:-·••--.,-•< :• ,' -~-, -~·--·:~. -~-- ~ ----- ~ _ ....... _.#' 
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. ·-1 
Q( v) = P ( u + ~-a) • 11 - P ( u - :}a) I vf_ L -:-.v i- _! J 

I" : ••.• ' 1 . i 1 f I ; u- v + 2!-.i! • t: 1 f I rv- u + 2'"8.1 
\ . . J?,r- , l I 1 'Z"r--- J - y .., ... ! L- \ "V where I (~) is a gain Eq. ( 3 ), t he incomplete probability int e,gra.l. 

AccOl'ding t o Bayes ' theorem, t hen , the required pr obabilit y is 
gi ven by 

q ( V) :: k Q( V) 1 

where k is a co~stant of propor tionalit y und must have a val ue 

such t hat 

k 

, t eo 
I 

; 
·" · - CXJ 

Q( v)dv = 1. 

Actual values of the distributi on q(:~) will depend 
on :r-' and a . The st~~dard deviation ~ is taken as 25 ft/ s e c , 
base d ' on the exper imental fi rings (see Table II) . Computations 
have been macie f or two va lue s of ~: ~ 1, a = ;:-· = 25 ft/ sec; 
c a se 2 , a = 2 ~= 50 ft/ sec . ~he resul ts are gi ven in Tabl e 
VII and a re rlotte d b l?i g . 5. 

Table VII . Value s of q( v) . 

v -u ql q2 I v - u ql q2 (ft / sec) . 
( :'t /sec) 

. 
0 0 . 0159 0 . 0138 . 3.} 0. 0077 0 . 0081 5 . 0156 . 0136 

i 35 . 0060 . 0067 10 . 014 7 . 0130 40 . 0045 . 0053 15 . 0133 . 0121 I 45 . 0032 . 00 41 20 . 0115 . 0109 I 50 . 0022 . 0031 25 . 0096 . 0095 75 . 0002 . 0004 
The probable errors of the se distributi ons ha,-e been computed 
and a!'e f ound t o be 17 and 20 ft/ sec , respectivel y ; t hat is , 
half of t he pl !ites tl1us tested should .have actual ballist ic 
l imits within t he inter vals 
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(u .:_ l 1) ft/sec (_?as~) and (u .±. 20)ftjsec. (case 2) 
Other points of interest ~re indicated in Fig. 5. 

The foreGoir..g considera~ions are based, to repeat , on 
the assumption that nothing me-r e than t he assumed standa.!"d 
deviation~ of the plate limit was known.!:. pr::;.ori; the _!:. 
J~osterior-i pro baH li ty q ( v) was then deduced from the t vro 
observations! and ! • Bu~,in practice ,more is actually ~own 
a priori; indeed, p r evious experience r.1.ust be res~1onsible for 
t he decision to place the test shots for such a plate i n the 
ne i ghborhood of the velocity ~· and "this .!:. priori kno\•:ledge 
shou l d tend t o reduce the pr obable en·or in the plate limit 
thus det3rmined.. Hovre\er , this influence is so slight t hat 
it may be d.isregarced; t hus i n c.ase 2 an a ssllr.led .!:. priori 
probable er:-or about ~ of 67 ft/sec reduces the inferred a 
poster iori pr obable error of 19. 5 ft/seo by only 1 ? ercent . 
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